In this paper, by reviewing the concept of subcovering and semicovering maps, we extend the notion of subcovering map to subsemicovering map. We present some necessary or sufficient conditions for a local homeomorphism to be a subsemicovering map. Moreover, we investigate the relationship between these conditions by some examples. Finally, we give a necessary and sufficient condition for a subsemicovering map to be semicovering.
Introduction and Motivation
Steinberg [10, Section 4.2] defined a map p :X → X of locally path connected spaces a subcovering map if there exists a covering map p :Ỹ → X and a topological embedding i :X →Ỹ such that p • i = p. He presented a necessary and sufficient condition for a local homeomorphism p :X → X to be subcovering. More precisely, he proved that a continuous map p :X → X of locally path connected and semilocally simply connected spaces is subcovering if and only if p :X → X is a local homeomorphism and any path f iñ X with p • f null homotopic (in X) is closed, i.e, f (0) = f (1) (see [10, Theorem 4.6] ).
Brazas [2, Definition 3.1] extended the concept of covering map to semicovering map. A semicovering map is a local homeomorphism with continuous lifting of paths and homotopies. Klevdal in [7, Definition 7] simplified the notion of semicovering map as a local homeomorphism with unique path lifting and path lifting properties.
In this paper, we extend the notion of subcovering map to subsemicovering map. We call a local homeomorphism p :X → X a subsemicovering map if it can be extended to a semicovering map q :Ỹ → X, i.e, there exists a topological embedding ϕ :X →Ỹ such that q • ϕ = p. Moreover, if p * (π 1 (X,x 0 )) = q * (π 1 (Ỹ ,ỹ 0 )), then we say that p is a full subsemicovering map, when q is a semicovering map, and a full subcovering map when q is a covering map. Since any covering map is a semicovering map, every subcovering map is a subsemicovering map. Note that there exists a subsemicovering map which is not a full subsemicovering map (see Example 3.3) .
In Section 2, among reviewing the concept of local homeomorphism, path lifting property, unique path lifting property and semicovering map, we mention some needed results on these notions such as path homotopy theorem for local homeomorphism and lifting criterion theorem for semicovering map. Also, we recall from [6, Lemma 3.1, 3.2] a concept of defective lifting for local homeomorphisms which is call incomplete lifting.
In Section 3, we obtain some necessary or sufficient conditions for a local homeomorphism to be a subsemicovering map. First, by introducing a strong version of the unique path lifting property which we call it strong UPLP, we show that it is a necessary condition for a local homeomorphism to be a subsemicovering map. Also, we prove that if a local homeomorphism p :X → X is a subsemicovering map, then any path f inX with p • f null homotopic (in X) is closed, i.e, f (0) = f (1) . Moreover, we show that the latter condition on a local homeomorphism p : (X,x 0 ) → (X, x 0 ) is a sufficient condition for p to be subsemicovering provided that p * (π 1 (X,x 0 )) is an open subgroup of the quasitopological fundamental group π qtop 1 (X, x 0 ) (see [1] for the notion of the quasitopological fundamental group). Second, we investigate the relationship between these necessary or sufficient conditions by some examples. For instance, we show that openness of p * (π 1 (X,x 0 )) is not necessary for a local homeomorphism p to be subsemicovering. Moreover, we give some examples to show that none of the two necessary conditions for a local homeomorphism to be subsemicovering are sufficient and also the sufficient condition is not necessary. Also, we show that a continuous map p :X → X of locally path connected spaces is full subsemicovering if and only if p : (X,x 0 ) → (X, x 0 ) is a local homeomorphism and any path f inX with p • f null homotopic (in X) is closed and p * (π 1 (X,x 0 )) is an open subgroup of π qtop 1 (X, x 0 ). Furthermore, we prove that a continuous map p :X → X of locally path connected spaces is full subcovering if and only if p : (X,x 0 ) → (X, x 0 ) is a local homeomorphism and any path f inX with p • f null homotopic (in X) is closed and p * (π 1 (X,x 0 )) contains an open normal subgroup of π qtop 1 (X, x 0 ). Finally, by extending the notions strong homotopy and the fundamental inverse category and monoid introduced by Steinberg [10] to semicovering maps, we give a necessary and sufficient condition for a subsemicovering map to be semicovering.
Notations and Preliminaries
In this paper, all maps f : X → Y between topological spaces X and Y are continuous. We recall that a continuous map p :X −→ X is called a local homeomorphism if for every pointx ∈X, there exists an open neighborhoodW ofx such that p(W ) is open in X and the restriction map p|W :W −→ p(W ) is a homeomorphism. In this paper, we denote a local homeomorphism p :X −→ X by (X, p) and assume thatX is path connected and locally path connected.
Assume that X andX are topological spaces and p :X −→ X is a continuous map. Let f : (Y, y 0 ) → (X, x 0 ) be a continuous map andx 0 ∈ p −1 (x 0 ). If there exists a continuous mapf : (Y, y 0 ) → (X,x 0 ) such that p •f = f , thenf is called a lifting of f . The map p has path lifting property (PLP for short) if for every path f in X, there exists a lifting f : (I, 0) → (X,x 0 ) of f . Also, the map p has unique path lifting property (UPLP for short) if for every path f in X, there is at most one liftingf : (I, 0) → (X,x 0 ) of f (see [9] ).
Brazas [2, Definition 3.1] generalized the concept of covering map by the phrase "A semicovering map is a local homeomorphism with continuous lifting of paths and homotopies". Note that a map p : Y → X has continuous lifting of paths if ρ p : (ρY ) y → (ρX) p(y) defined by ρ p (α) = p • α is a homeomorphism, for all y ∈ Y, where (ρY ) y = {α :
where elements of (ΦY ) y are endpoint preserving homotopies of paths starting at y. He also simplified the definition of semicovering maps by showing that having continuous lifting of paths implies having continuous lifting of homotopies ( see [3, Remark 2.5] ).
The following theorem can be found in [7, Lemma 2.1] and [5, Theorem 3.1] . 
where j(t) = (t, 0) for all t ∈ I. Then there exists a unique continuous mapF : I × I →X making the diagram commute.
The following corollary is a consequence of the above theorem.
Corollary 2.2. Let p :X → X be a local homeomorphism with UPLP and PLP. Let x 0 , x 1 ∈ X and f, g : I → X be paths such that
g are the lifting of f and g, respectively, with
The following theorem can be found in [2, Corollary 2.6 and Proposition 6.2] .
Theorem 2.3. (Lifting Criterion Theorem for Semicovering Maps).
If Y is connected and locally path connected, f : (Y, y 0 ) → (X, x 0 ) is continuous and p : X → X is a semicovering map whereX is path connected, then there exists a uniquẽ
The following theorem can be concluded from [7, Definition 7, Corollary 2.1] . Theorem 2.4. A map p :X −→ X is a semicovering map if and only if it is a local homeomorphism with UPLP and PLP.
Note that there exists a local homeomorphism without UPLP and PLP and so it is not a semicovering map . Define p :X → X by p(s, t) = s t = 0 s + 1/2 s = 1/2 . It is routine to check that p is a local homeomorphism which does not have UPLP and PLP.
In Section 3, we need the concept of incomplete lifting for local homeomorphisms which has been introduced by the authors in [6, Lemma 3.1, 3.2] as follows. Lemma 2.6. ([6, Lemma 3.1] ). Let p :X → X be a local homeomorphism, f be an arbitrary path in X andx 0 ∈ p −1 (f (0)) such that there is no lifting of f starting atx 0 . If Lemma 3.2] ). let p :X → X be a local homeomorphism with UPLP, f be an arbitrary path in X andx 0 ∈ p −1 (f (0)) such that there is no lifting of f starting atx 0 . Then, using notation of the previous lemma, there exists a unique continuous map ,α) . We callf α the incomplete lifting of f by p starting atx 0 .
The following theorem is stated in [11, Theorem 3.7] .
Theorem 2.8. For a connected, locally path connected space X, there is a one-to-one correspondence between its equivalent classes of connected covering spaces and the cojugacy classes of subgroups of its fundamental group π 1 (X, x 0 ) with open core in π
The following theorem can be found in [3, Theorem 2.21] .
Theorem 2.9. Suppose X is locally wep-connected and
The following corollary is a consequence of the above theorem (see [3, Corollary 3.4] ).
Subsemicovering and Subcovering Maps
Let p :X → X be a local homeomorphism. We are interested in finding some conditions on p orX under which the map p can be extended to a semicovering map q :Ỹ → X. We recall that Steinberg [10, Section 4.2] defined a map p :X → X of locally path connected and semilocally simply connected spaces a subcovering map (andX a subcover) if there exists a covering map p :Ỹ → X and a topological embedding i :X →Ỹ such that p • i = p. We are going to extend this definition as follows: Definition 3.1. Let p :X → X be a local homeomorphism. We say that p can be extended to a local homeomorphism q :Ỹ → X, if there exists an embedding map ϕ :X →Ỹ such that q • ϕ = p. In particular, if q is a covering map, then p is called a subcovering map (see [10, Section 4.2] ) and if q is a semicovering map, then we call the map p a subsemicovering map. Moreover, if p * (π 1 (X,x 0 )) = q * (π 1 (Ỹ ,ỹ 0 )), then we call the map p full subcovering and full subsemicovering, respectively.
Note that since every covering map is a semicovering map, every subcovering map is a subsemicovering map. Also, if p :
The following example shows that a local homeomorphism may be extended to various covering maps.
Then p is a subcovering map since p can be extended to the universal cover of figure eight space introduced in [8, Section 1.3] which we denote it by h :Z → X. Note that one can extend p to the covering q :
Hence p can be extended to two coverings which are not equivalent since
The following example shows that there exists a subsemicovering map which is not a full subsemicovering map.
n 2 } be the Hawaiian Earring space. Brazas [2, Example 3.8] introduced a connected semicovering p :X → X with discrete fibers which is not a covering map.
, thenX is path connected. It is easy to see that every loop inX is null homotopic. Also, q = p|X :X → X is a local homeomorphism with q * (π 1 (X,x 0 )) = {1} ≤ π 1 (X). Calcut and McCarthy [4, Theorem 1] proved that for a connected and locally path connected space X, semilocally simply connectedness of X is equivalent to openness of the trivial subgroup in π (HE) since HE is not semilocally simply connected at the point (0, 0). This implies that q * (π 1 (X,x 0 )) is not open in π qtop 1 (HE). Since q can be extended to the semicovering map p, q is a subsemicovering map. Note that q is not a full subsemicovering map since otherwise there exists a semicovering map r :Ỹ → HE such that r * (π 1 (Ỹ ,ỹ 0 )) = q * (π 1 (X,x 0 )). By Corollary 2.10 r
(HE) which is a contradiction.
In the following, we define a strong version of the unique path lifting property in order to find a necessary condition for a local homeomorphism to be subsemicovering. Definition 3.4. Let p :X → X be a local homeomorphism and f : [0, α) → X be an arbitrary continuous map,f : [0, α) →X be the incomplete lifting of f defined in Lemma 2.7 with starting pointx 0 ∈ p −1 (f (0)). Then, we say that p has the strong unique path lifting property (strong UPLP for short) if there exist ε (f,x 0 ) > 0 and an open set (f,x 0 ) ) is one-to-one. Note that p| U (f,x 0 ) is a homeomorphism since it is open. We call U (f,x 0 ) a strong neighborhood.
In the following lemma, we show that every local homeomorphism with strong UPLP has UPLP . Lemma 3.5. If a local homeomorphism has strong UPLP, then so has UPLP.
Proof. Suppose that p :X → X is a local homeomorphism with strong UPLP but it does not have UPLP. Then there existf 1 andf 2 such that p 
) for all n ∈ N. Note that λ n is a homeomorphism. Now, we definẽ
))) t ∈ B n , n = 4i, i ∈ N and put h = p •h. It is easy to see that h,h are continuous map. Since p has strong UPLP, there exist ,x 0 ) ) is one-to-one. There exists n ∈ N such that 1−α 2×n < ε (h,x 0 ) and by the definition ofh we havef
There exists a local homeomorphism with UPLP which does not have strong UPLP. Figure 1) . We define p :X → X by p(x, y, z) = (y, z)
It is routine to check that p is a local homeomorphism which has UPLP. Let α : I → X be a loop defined by
The loop α has no lifting with starting point ( , 0, 0) and the incomplete lifting of α with starting point (
Thusα does not have any strong neighborhood. Therefore p does not have strong UPLP.
In the following theorem, we show that the strong UPLP is a necessary condition for a local homeomorphism to be a subsemicovering map. Theorem 3.7. If p is a subsemicovering map, then p has strong UPLP.
Proof. If p :X → X is a semicovering map, then it is easy to check that p has strong UPLP. Suppose p is subsemicovering which is not a semicovering map. So there exists a semicovering map q :Ỹ → X with an embedding map ϕ :X →Ỹ such that q • ϕ = p. Since p is not semicovering, there exists a path f in X with no lifting. By Lemma 2.7, there exists f : [0, α) →X with starting pointx 0 ∈ p −1 (f (0)) such that p •f = f . Also, since q is a semicovering map, q has PLP. Thus there exists a liftingf of f inỸ with starting point ϕ(x 0 ) and ϕ(f ([0, α))) =f | [0,α) . Since q is a semicovering map, there exists an open neighborhood U atf (α) such that p| U : U → p(U ) is a homeomorphism. Put U (f,x) = ϕ −1 (U ) ∩X, then there exists > 0 such thatf (α − , α) ⊆ U (f,x) . Also, p : U (f,x) → p(U (f,x) ) is one-to-one since q : U → q(U ) is a homeomorphism.
Steinberg [10, Theorem 4.6] proved that the condition "if f is a path inX with p • f null homotopic (in X), then f (0) = f (1)" is a necessary condition for a local homeomorphism p :X → X to be subcovering. In the following theorem, we show that this condition is also a necessary condition for a local homeomorphism to be subsemicovering. In the following, we are going to find a sufficient condition for extending a local homeomorphism to a semicovering map. For this purpose first, note that Steinberg in [10, Theorem 4.6] presented a necessary and sufficient condition for a local homeomorphism p :X → X to be subcovering. More precisely, he proved that a continuous map p :X → X of locally path connected and semilocally simply connected spaces is subcovering if and only if p :X → X is a local homeomorphism and any path f inX with p • f null homotopic (in X) is closed, i.e, f (0) = f (1). We will show that the latter condition on a local homeomorphism p : (X,x 0 ) → (X, x 0 ) is a sufficient condition for p to be subsemicovering provided that p * (π 1 (X,x 0 ) ) is an open subgroup of the quasitopological fundamental group π qtop 1 (X, x 0 ). Proof. The necessity follows by Theorem 3.8. For sufficiency, using Theorem 2.9, let p : (Ỹ ,ỹ 0 ) → (X, x 0 ) be the semicovering map associated to the open subgroup p * (π 1 (X,x 0 ) ). Since semicoverings have lifting criterion (see Theorem 2.3), by lifting p to (Ỹ ,ỹ 0 ), we obtain a mapping ϕ : (X,x 0 ) → (Ỹ ,ỹ 0 ) such that p • ϕ = p. First, we show that ϕ is injective. Suppose ϕ(x 1 ) = ϕ(x 2 ). Let f j : (I, 0, 1) → (X,x 0 ,x j ), j = 1, 2, be two paths. Note that we use here notation [f j ], j = 1, 2 for the homotopy classes in the fundamental groupoid (see [9, Section 1.7] 
The following corollary is a consequence of Theorems 3.9 and 2.9. Corollary 3.10. A map p : (X,x 0 ) → (X, x 0 ) is a full subsemicovering map if and only if
Proof. Since every full subsemicovering map is a subsemicovering map, the necessity of conditions (1) and (2) are obtained by Theorem 3.8. To prove condition (3), let p can be extended to a semicovering map q :
(X, x 0 ) by Corollary 2.10. Sufficiency is obtained similar to the proof of Theorem 3.9.
The following corollary can be concluded by the classification of connected covering spaces of X, Theorem 2.8, and Theorem 3.9. Corollary 3.11. A map p : (X,x 0 ) → (X, x 0 ) is a full subcovering map if and only if
We need the following lemma for the next example.
Lemma 3.12. Let p :X → X be a local homeomorphism. Suppose thatX is Hausdorff and every null homotopic loop α in X is of the form Π n i=1 α i , where
, for every i ∈ N. Then p has the condition ( ) in Theorem 3.8.
Proof. Letα be a path inX such that p •α = α is null homotopic in X. By the hypothesis, without loss of generality we can assume that 
SinceX is Hausdorff and p is a local homeomorphism, there exist open neighborhoods Vα (b) ofα(b) and (1) and so p has the condition ( ).
The following example shows that the condition ( ) is not a sufficient condition for p to be subsemicovering. Hence we can not omit openness of p * (π 1 (X,x 0 )) from the hypotheses of Theorem 3.9.
Example 3.13. Let p :X → X = HE be the local homeomorphism introduced in Example 3.6. By using Lemma 3.12, p has the condition ( ) . Let α : I → X be a loop introduced in Example 3.6. The path α has no lifting with starting point ( , 0, 0) isα : [0, 1) →X, introduced in Example 3.6.α does not have any strong neighborhood. Therefore p does not have strong UPLP and so it is not subsemicovering (see Theorem 3.7).
If p : (X,x 0 ) → (X, x 0 ) is a local homeomorphism, then openness of p * (π 1 (X,x 0 )) is not a necessary condition for p to be a subsemicovering map. The following example gives a subsemicovering map p :X → HE in which p * (π 1 (X,x 0 )) is not an open subgroup of π qtop 1 (HE).
Example 3.14. Let q :X → X be the local homeomorphism introduced in Example 3.3. We recall that X = HE and q * (π 1 (X,x 0 )) = {1} ≤ π 1 (HE). It is known that {1} is not open in π qtop 1 (HE) since HE is not semilocally simply connected (see Example 3.3) . Hence
(HE) but q is a subsemicovering map.
If p : (X,x 0 ) → (X, x 0 ) is a local homeomorphism with condition ( ) and p * (π 1 (X,x 0 )) = {1}, then p is not necessarily a subsemicovering map. See the following example. )|i ∈ N}, s ∈ (0, 1]}, thenX is path connected. It is easy to see that every loop inX is null homotopic. Also, q = p|X :X → X is a local homeomorphism with q * (π 1 (X,x 0 )) = {1} ≤ π 1 (X). By using Lemma 3.12, q has the condition ( ) . Let α : I → X be a loop defined by
The loop α has no lifting with starting point ( 1 2 , 0, 0) and the incomplete lifting of α with starting point (
Thusα does not have any strong neighborhood. Therefore q does not have strong UPLP. Since strong UPLP is a necessary condition for q to be a subsemicovering map, q is not a subsemicovering map.
By Theorems 3.7 and 3.8, the strong UPLP and the condition ( ) are two necessary conditions for a local homeomorphism to be a subsemicovering map. It is natural to ask the relationship between these two necessary conditions. The following example shows that the strong UPLP does not imply the condition ( ), even if p * (π 1 (X,x 0 ) ) is an open subgroup of π qtop 1 (X, x 0 ).
It is routine to check that p is a local homeomorphism with strong UPLP which does not have the condition ( ). Note that p is not one-to-one and since D 2 is simply connected, p * (π 1 (X,x 0 ) ) is an open subgroup of π qtop 1 (D 2 ) = {1}.
In the above example, X is simply connected andX is path connected but p is not oneto-one since p is a map without the condition ( ). More precisely, if p : (X,x 0 ) → (X, x 0 ) is a map with the condition ( ) and X is simply connected and Y is path connected space, then p is one-to-one.
The following example shows that the condition ( ) does not imply the strong UPLP.
Example 3.17. Let p :X → X be the local homeomorphism introduced in Example 3.6. It is easy to check that p is a local homeomorphism with the condition ( ) (see Example 3.13) and we recall that p does not have strong UPLP (see Example 3.6) .
By extending the notions strong homotopy and the fundamental inverse category and monoid introduced by Steinberg [10, Section 3] to semicovering maps, we give a necessary and sufficient condition for a subsemicovering map to be semicovering. Note that, the same necessary and sufficient condition for a subcovering map to be covering is not stated in [10] . First, we recall the notion strong homotopy equivalence. Let f : I → X be a path and f t : I → X given by f t (s) = f (ts), for every t ∈ I. It is convenient to think of f t as the prefix of f of length t. Use the notation ∼ h for the equivalence relation of being homotopic relative to base points. For two paths f, g : (I, 0, 1) → (X, x 0 , y 0 ), f is strongly homotopic to g, denoted by f ∼ s g, if f ∼ h g and for every t ∈ I there exists t ∈ I such that f t ∼ h g t , and vice versa. As an example, any two reparametrizations of the same path are strongly homotopic. If f is a path in X, then we use [f ] s to denote its strong homotopy class and [f ] to denote its homotopy class. Also, Steinberg defined a category µ 1 (X) with involution. He showed that µ 1 (X) is an inverse category (see [10, Proposition 3.2] ) and called µ 1 (X) the fundamental inverse category of X. If x ∈ X, then the local inverse monoid at x is denoted by µ 1 (X, x) and it is called the fundamental inverse monoid of X at x.
Steinberg [10, Section 4] obtained the following results (Lemma 3.18, Lemma 3.19 and Theorem 3.20) for subcoverings of a semilocally simply connected space (see [10, Lemma 4.1] , [10, Lemma 4.7] and [10, Theorem 4.8] ). Similarly, according to lifting criterion and homotopy lifting property for semicovering maps, we can state and prove the following results for an arbitrary subsemicovering map.
